In this contribution we investigate the non-relativistic quantum dynamics of induced electric dipoles in the presence of a topological defect. We propose an analog of Landau quantization for neutral atoms, where a electric dipole is induced by the electromagnetic field configuration. We investigate this system in the presence of a topological defect and show that it breaks the infinite degeneracy of Landau levels.
Introduction
Several topological and geometrical effects in physics can be understood throughout investigating the quantum dynamics of charged or neutral particles in the presence of electromagnetic fields [1] [2] [3] [4] [5] [6] [7] [8] . Perhaps the simplest physical system which can be studied within this context is a charged particle moving in a plane orthogonal to an external constant magnetic field. The quantization of this system is described in terms of the cyclotron frequencies corresponding to the orbits of the classical movement, thus the energy of the system assumes only discrete values called Landau levels [9] . Landau quantization calls a certain interest from several viewpoints. For example, it is the simplest model allowing to study the quantum Hall effect [10] . On the other hand, Landau levels are related to two-dimensional surfaces [11] [12] [13] and anyonic excitations in Bose-Einstein condensates [14, 15] . An interesting result was obtained by Ericsson and Sjöqvist [16] who proposed an analog of Landau quantization for neutral particles with magnetic dipole moment. Another example of Landau quantization for neutral particles with a constant electric dipole moment is described in [17] , where the particle moves in the presence of an external magnetic field generated by a density of magnetic charges.
For a system involving initially non-polarized neutral particles, we proposed a field configuration of crossed electric and magnetic fields, which polarizes the particle, so, it gets an electric dipole moment [18] . In this case, we construct an analog of the Landau quantization for nonconstant electric dipole moments, without the inconvenience of density of magnetic charges. This kind of setup can describe the behavior of systems of cold atoms in the presence of external electromagnetic fields. The quantum dynamics of cold atoms opens new possibilities for investigating the quantum properties of many-body systems, and these systems can be controlled and manipulated by electromagnetic fields. Recently, improvements in the cold atoms technology allowed to simulate several solid state effects using neutral atoms and quantum optics techniques [19] [20] [21] . Some techniques allow to simulate the behavior of charged particles for the neutral atoms [21] [22] [23] [24] . The methods which can be used to obtain fields coupled to neutral atoms in the same way as an electromagnetic fields couples to charged particles have attracted a large attention in studies of cold atoms [25, 26] . Our study is based on the idea of Ericsson and Sjöqvist who have studied a coupling of magnetic dipole via Aharonov-Casher effect in order to produce a coupling of atoms with electric field with a perspective to study a Hall effect for the cold atom system.
The issue of the topological defects was intensively discussed in different physical contexts [27] [28] [29] [30] [31] [32] [33] [34] . In recent works, Landau quantization was studied in the presence of topological defects [35] [36] [37] [38] [39] . In [35, 36] the influence of a disclination and dislocation in the energy levels was studied when an electron interacts with a magnetic field, respectively. In [37] , the Landau levels of an electron interacting with an external magnetic field are obtained with a continuum distribution of topological defects, and it is shown that the presence of topological defects breaks the infinite degeneracy of the Landau levels. In the presence of a density of screw dislocations, the Landau levels are studied in [38] . Landau quantization for neutral particles with a constant magnetic dipole moment interacting with an external electric field in the presence of topological defects was studied in [39] . It was shown that the presence of topological defects in the non-relativistic quantum dynamics of the neutral particle with a constant magnetic dipole moment breaks the infinite degeneracy of the Landau levels.
The objective of the present paper is to investigate the consequences of the presence of a topological defect on the Landau quantization of a neutral particle polarized by the electromagnetic field configuration. The particle acquires an electric dipole moment due to the presence of crossed electric and magnetic field configurations. Other point of interest is that, based on the paper by Wei, Han and Wei (see paper [6] ), we use a field configuration which does not use the magnetic charge density distribution. We use a simple space that contains a non-trivial curvature and torsion and observe how the presence of a topological defect introduces new effects related to the energy levels of the systems. We claim that this study has profound theoretical motivation and, within the advances in cold atom techniques this systems can be investigated in context of the optical lattice [40] with topological defects
Topological defect
Topological defects are studied in the solid state through the approach developed by Katanaev and Volovich [30] in a manner similar to three-dimensional gravity. In general, the defect corresponds to singular curvature, torsion or both of them along the line defect. In this approach, the boundary conditions imposed by defects in the elastic continuum media are described by non-Euclidean metric. In that way, the theory of defects in solids provides an adequate language for continuous distribution of defects [29, 30] . All information about the strain and stress induced by the defect in a elastic media is contained in the geometric quantities such as metric, curvature tensor, etc. The formation of a topological defect can be conceptually generated by a cut and glue process, known in the literature as the Volterra process [29] . That is, take a cylinder of a continuous elastic material and make a radial cut in it, from its axis out. Displacement of the surfaces of the cut with respect to each other and subsequent gluing will generate a line defect whose core coincides with the axis. Considering cylindrical coordinates, if the displacement is:(i) along the -direction, a screw dislocation is formed (see Fig. 1 ); (ii) along the ρ-direction, an edge dislocation is formed (see Fig. 2 ); (iii) along the θ direction, which implies the addition or removal of a wedge of material, leads to a disclination; (iv) a combination of both (i) and (iii) produces a topological defect termed dispiration. This process gives a unifying view of the topological line defects. In the present article we consider an elastic medium with a dispiration. The dispiration is described in the geometric theory of defects in cylindrical coordinates (ρ ) by following metric
where the parameter χ is related to the torsion of the defect. It is related with the Burgers vector if we use the crystallography language χ = /2π, where is the intensity of Burgers vector. The parameter η is related with deficit angle and it is defined as η = 1 ± λ 2π where λ is the angular sector inserted or removed to generate the topological defect. The azimuthal angle varies in the interval 0 ≤ < 2π. The deficit angle can assume only values for which 0 < η < ∞ (unlike this, in [29] [30] [31] , it can assume values greater than 1, which correspond to an anti-conical spacetime with a negative curvature). This geometry possesses a conical singularity represented by the following curvature tensor
where δ 2 ( ) is the two-dimensional delta function. This behavior of the curvature tensor is denominated as conical singularity [41] . The conical singularity gives rise to the curvature concentrated on the cosmic string axis and away from the axis, the curvature is zero. This metric is also characterized by a non-null torsion tensor, whose components are given in the following form
It is known in quantum field theory that, the spin of a quantum particle must be defined locally when there is non-null curvature in the spacetime. In the same way, we can treat the spin of a quantum particle in the nonrelativistic dynamics in presence of the topological defect (1). To do this, we must define a local reference frame for the observers through a non-coordinate basiŝ
The components of the non-coordinate basis µ ( ) are called in this case as triad and satisfy the following relation [42, 43] 
where η = diag (1 1 1) . The triad has an inverse defined as
Thus, we choose that the tetrads field be given in the form
Taking Cartan's structure equations [43] 
with T = T µν µ ∧ ν and ω = ω µ µ . Solving for the tetrads given in (6), we obtain
In this way, considering the spin of the quantum particle in the Schrödinger equation, we must write
where Γ µ = 4 ω µ Σ is the spinorial connection which enters as a minimal coupling in the expression (9) to configure the covariant derivative of a spinor [42] and ω µ ≡ ω µ η . Substituting the second term of the Eq. (8) in the expression of the spin connection, we obtain
where we considered a two component spinor to write the spin connection (10) . Note that the operator Σ 12 = 2 γ 1 γ 2 − γ 2 γ 1 = Σ 3 , where the γ matrices are Dirac matrices and Σ 3 is the 4 × 4 spin matrices defined in the flat spacetime. When we considered the two-component spinors, the Σ matrices becomes the σ Pauli matrices.
Quantum dynamics in topological defect background
In this section, we study the non-relativistic quantum dynamics of a spin one-half particle which interacts with external electric and magnetic fields in the presence of a topological defect (1) . The presence of an electric field induces an electric dipole in the cold atom. In [6] a linear polarizability was considered, for which the electric dipole strength of the atom is proportional to the external electric field. Here we use the same definition, and we write the electric dipole strength as
where ν is the dielectric polarizability of the cold atoms and is the velocity of the atom. The field configuration which interacts with the induced electric dipole in the presence of the topological defect is
with λ being a uniform charge density and B 0 a constant. Following [18] , we can write the Hamiltonian which describes the non-relativistic dynamics of the induced electric dipole interacting with the external electric and magnetic fields (without spin) as
where M = + ν B 2 0 and we consider = = 1. Note that there is an effective vector potential
ρˆ which arises from the interaction between the induced electric dipole and the electromagnetic field. This shows us that we have a minimal coupling in the nonrelativistic dynamics of a cold atom which is analog to that of a charged particle in an external magnetic field, where the effective magnetic field of this system is defined as B eff = ∇ × A eff = −B 0 λˆ . Considering a spin one-half particle, we must take into account the transformation (9) in the Schrödinger equation. Thus, the operator 2 becomes the Laplace-Beltrami operator [44] 
where = det µν . In this way, taking the field configuration (12), the Schrödinger Eq. (13) in the presence of the topological defect becomes
where we called ω = νλB 0 M . We can see that ψ is an eigenfunction of σ 3 , whose eigenvalues are = ±1, that is, σ 3 ψ = ψ = ±ψ . Hence, we suggest the solution to Eq. (15) above to have the following form
thus, substituting the solution (16) 
in the Schrödinger
Eq. (15) we obtain the following radial equation for R (ρ)
where we defined
At this moment, we make the following change of variables
thus, the radial Eq. (17) becomes
where the parameter β in the Eq. (20) is defined as
The solution to Eq. (20) looks like
thus, Eq. (20) can be rewritten as
and the solution to this equation is a degenerated confluent hypergeometric function: 
where is an integer. The energy levels arising in this non-relativistic quantum dynamics are
These energy levels are the Landau levels which arise in the quantum dynamics of an induced electric dipole interacting with external electric and magnetic fields in the presence of a topological defect. We can note that the presence of the topological defect breaks the infinite degeneracy of the Landau levels found in the Ref. [18] due to the coupling of the torsion with the angular moment , and the term 1/η not being an integer. If we take χ = 0, that is, the absence of a torsion field, the energy levels (26) are affected also by the topological defect. This influence is caused by the presence of the disclination where the expression for the Landau levels becomes
Note that, in the absence of the torsion, the infinite degeneracy of the Landau levels is broken by the presence of the angle deficit η because the term 1/η is not an integer.
Other case which we must point out is the limit η → 1 with χ = 0. In this case the Landau levels are affected by the presence of a dislocation and are given by
so the presence of the torsion breaks the infinite degeneracy of the Landau levels due to the coupling between the angular moment with the torsion. However, these results are different to those obtained in Ref.
[18] because we considered a spin one-half particle. If we do not consider the spin of the quantum particle = 0 (29) thus, the results obtained in Ref. [18] can be recovered when we take the limit η → 1 and χ = 0.
Conclusion
To conclude, in this paper we studied the Landau quantization for a neutral particle (atom) with an induced dipole moment interacting with crossed electric and magnetic fields in the presence of a topological defect. We considered the same field configuration given in Refs. [6, 18] and obtained that the Landau levels for an induced electric dipole are influenced by the presence of a topological defect. We found that the presence of the topological defect breaks the infinite degeneracy of the Landau levels of a neutral particle with an induced electric dipole moment obtained in [18] . When we consider the parameter χ = 0, the topological defect observed in the system is a disclination and the breaking of the infinite degeneracy of the Landau levels is described by the angle deficit. In the same way, when we considered the limit η → 1 with χ = 0, the topological defect becomes a dislocation and the breaking of the degeneracy of the Landau levels is described by the coupling of the angular moment with the torsion. At the end, taking the limit η → 1 and χ = 0, we find that the infinite degeneracy is recuperated.
